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1. Introduction
The structure of the group of units E of the ring of algebraic integers of a ﬁeld K is completely
described by Dirichlet’s unit theorem. However, this theorem does not give us any description of
generators of the group of units. In the case of K being an abelian ﬁeld (i.e. K/Q is a Galois extension
with a commutative Galois group G), the group E contains a subgroup of circular units C , which is
deﬁned by explicit generators and whose index in E is ﬁnite. However, it is diﬃcult to compute a
basis of C or the index [E : C], and these are known only for some special ﬁelds.
In [2] P. Kraemer computed the index of Sinnott’s group of circular units of a bicyclic ﬁeld, i.e. a
real ﬁeld having a non-cyclic Galois group whose order is a square of an odd prime l.
C. Greither and R. Kucˇera in [1] proved the existence of a unit in certain cyclic extensions of Q
(see Proposition 1) which is non-circular in general, and can be expressed in terms of known circular
unit. Moreover, the group C is a subgroup of the G-module generated by this unit.
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which contain this new unit. Therefore we can consider a group of units generated as a G-module by
all these new units and by C .
We compute the index of this subgroup in the group of all units of a bicyclic ﬁeld. Moreover, we
show that if the conductor of a bicyclic ﬁeld is a product of at least four primes, this group is strictly
larger than C . While the index of C depends on what subﬁelds K possesses, the index of our group
is determined only by the number of prime factors of the conductor, by the class number of K , and
by the odd prime l (see Theorem 16). From this index we deduce divisibility of the class number of a
bicyclic ﬁeld by a certain power of l (see Corollary 18).
2. The extended group of circular units
Let us take an arbitrary bicyclic ﬁeld K of degree l2, where l is an odd prime, i.e. K/Q is a Galois
extension whose Galois group G is isomorphic to Z/lZ × Z/lZ. Assume that l does not ramify in K .
Let us denote by f the conductor and by hK the class number of the ﬁeld K . The non-trivial subﬁelds
of K will be denoted by K0, K1, . . . , Kl and their conductors by f0, f1, . . . , fl . Further, for each Ki let
δi be a generator of the Galois group of the extension Ki/Q.
From Lemma 3.1 in [2] we know that f is square-free. So we can assume that f = p1p2 · · · pz ,
where p1, p2, . . . , pz are pairwise distinct primes. Moreover, z  2, because G is non-cyclic. Fur-
ther, let us take the set Pi = { j; p j  f i ∧ j ∈ {1, . . . , z}} for each Ki and let us set zi = z − |Pi |.
For a prime p j , where j ∈ Pi , we choose a non-negative integer kij < l in such a way that δkiji =
Frob−1(p j, Ki). This means that Frobenius automorphisms of primes dividing f are determined by
numbers kij .
Let us consider generators of Sinnott’s group C of circular units:
η = NQ f /K (1− ζ f ),
ηi =
{
NQ fi /Ki (1− ζ f i ) for f i composite,
NQ fi /Ki (1− ζ f i )1−δi for f i prime,
where Qm = Q(ζm) is the mth cyclotomic ﬁeld. Due to Proposition 3.2 in [2] the G-module C/{−1,1}
is generated by these units. We will write this as C/{−1,1} = 〈η,η0, . . . , ηl〉G . Let us denote by B the
subgroup of C generated as a G-module by all units ηi and by −1.
According to Theorem 1 in [1] the following proposition holds:
Proposition 1. Let L be a cyclic extension of Q, whose degree is a power of an odd prime. Let σ be a gen-
erator of the Galois group of this extension and assume that the conductor f L of the ﬁeld L is a product of n
(n 2) pairwise distinct primes, which are totally and tamely ramiﬁed in L. Then there exists a number  ∈ L×
satisfying
(σ−1)n−1 = NQ f L /L(1− ζ f L ).
Moreover, σ−1 is a unit in L.
All subﬁelds Ki having a composite conductor certainly satisfy the assumptions of this proposition.
So there exists a unit αi ∈ Ki such that α(1−δi)
zi−2
i = ηi . For Ki with a prime conductor we set αi = ηi .
Let us consider the group V generated by −1 and all these units αi as a G-module. Hence V is a
subgroup of the group E of all units of the ﬁeld K , and in addition B ⊆ V . Further we consider the
subgroup T = 〈V ∪ {η}〉G of the group E .
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Proposition 2. The unit η satisﬁes
ηl =
l∏
i=0
α
(1−δi)zi−2
∏
j∈Pi (1−δ
ki j
i )
i .
Proof. From Corollary 3.1 in [2] we know that ηl =∏li=0 ηβii , where βi =∏ j∈Pi (1− δkiji ) for f i com-
posite and βi = (∏ j∈Pi (1− δkiji ))/(1− δi) for f i prime. If f i is composite, we get
η
βi
i = α
(1−δi)zi−2
∏
j∈Pi (1−δ
ki j
i )
i
by substituting α(1−δi)
zi−2
i for ηi . If f i is prime, by substituting αi for ηi we obtain the same, because
zi − 2 = −1 in this case. The proposition now immediately follows. 
Proposition 3. The set S = {αδ
j
i
i ; 0 i  l, 0 j  l − 2} forms a Z-basis of V /{1,−1}.
Proof. Since αi ∈ Ki is a unit, we obtain
NKi/Q(αi) = α
∑l−1
j=0 δ
j
i
i = ±1.
Therefore α
δl−1i
i can be expressed in terms of elements of S , and so V /{1,−1} is generated by S .
From Proposition 5.1 in [2] we know that the index [E : B] is ﬁnite. Since B ⊆ V ⊆ E , the index
[E : V ] is ﬁnite as well. Hence the Z-rank of V is the same as the Z-rank of E , which is equal to l2 −1
according to Dirichlet’s unit theorem. This is exactly the number of elements of S , and therefore the
set S is a basis of V /{1,−1}. 
If for a certain i there exists j ∈ Pi such that kij = 0, the following equality holds:
α
(1−δi)zi−2
∏
j∈Pi (1−δ
ki j
i )
i = 1.
Hence we do not have to consider all such i in the product from Proposition 2. Let us denote by q the
number of subﬁelds Ki such that kij is non-zero for every j ∈ Pi . For the simplicity we can assume
that subﬁelds Ki are numbered in such a way that this holds just for i ∈ {0, . . . ,q − 1}.
Proposition 4. Let d = l − z + 1 and μi(δi) =∏ j∈Pi∑kij−1h=0 δhi . Then
ηl =
q−1∏
i=0
α
μi(δi)(1−δi)l−1−d
i .
Moreover, μi(δi) is not divisible by 1− δi in Fl[〈δi〉].
Proof. From Proposition 2 we know that
ηl =
l∏
α
(1−δi)zi−2
∏
j∈Pi (1−δ
ki j
i )
i .i=0
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ηl =
q−1∏
i=0
α
(1−δi)zi−2
∏
j∈Pi ((1−δi)
∑ki j−1
h=0 δ
h
i )
i
=
q−1∏
i=0
α
μi(δi)(1−δi)|Pi |+zi−2
i
=
q−1∏
i=0
α
μi(δi)(1−δi)z−2
i
=
q−1∏
i=0
α
μi(δi)(1−δi)l−1−d
i .
Now let us prove the second statement. We have δi ≡ 1 (mod 1− δi), so
μi(δi) ≡
∏
j∈Pi
ki j (mod 1− δi).
However, kij is non-zero, because i < q. Therefore the right side of the congruence is a unit in Fl[〈δi〉].
On the other hand, from the fact (1− δi)∑l−1j=0 δ ji = 0 it follows that 1− δi is not a unit. Hence 1− δi
does not divide μi(δi). 
4. Vector space T /V
Let σ be a ﬁxed generator of Gal(K/K0) and τ a ﬁxed generator of Gal(K/K1). Then for every
i  2 there exists a generator of Gal(K/Ki) of the form τσ l−ni , where ni ∈ {1, . . . , l − 1} is uniquely
determined. The restriction of τ to Ki is σ ni for all i ∈ {2, . . . , l}, so we can assume that δ0 = τ and
δi = σ for i ∈ {1, . . . , l}.
Since T /V is a G-module generated by η and ηl ∈ V by Proposition 4, T /V forms a vector space
over Fl . For polynomials v1, . . . , vm ∈ Z[s, t], the set U = {ηv1(σ ,τ ), . . . , ηvm(σ ,τ )} is a basis of T /V if
and only if
〈U ∪ V 〉 = T
and for each choice of ci ∈ Z, i ∈ {1, . . . ,m} the following implication holds:
η
∑m
i=1 ci vi(σ ,τ ) ∈ V ⇒ c1 ≡ · · · ≡ cm ≡ 0 (mod l).
Lemma 5. Let g, h ∈ Z[t] and N(t) =∑l−1j=0 t j . Then αg(δi)i = ±αh(δi)i if and only if g(t) ≡ h(t) (mod N(t)).
Proof. Proposition 3 implies that {αδ
j
i
i ; j ∈ {0, . . . , l − 2}} is a Z-basis of 〈αi〉G/{1,−1}. The lemma
follows from αN(δi)i = ±1. 
Lemma 6. If d 0, we have
α
μi(δi)(1−δi)l−1−d
i ∈ V l.
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immediately follows. 
Proposition 7. Let f ∈ Fl[s, t] be a polynomial and assume that d > 0. Then η f (1−σ ,1−τ ) ∈ V is satisﬁed if
and only if all the following conditions hold:
f (0, t) ≡ 0 (mod td) if q > 0,
f (s,0) ≡ 0 (mod sd) if q > 1,
f
(
s,1− (1− s)ni )≡ 0 (mod sd) if q > 2, i ∈ {2, . . . ,q − 1}.
Proof. Analogously to the proof of Proposition 4.1 in [2]. In our case we consider V instead of B
and we have k = q and ai = d for every i < q. Instead of Proposition 3.5, Lemmas 4.2 and 4.1 we use
Proposition 4, Lemmas 6 and 5, respectively. 
Corollary 8. If d > 0, then
η(1−σ)d−c(1−τ )c ∈ V
is satisﬁed for each c ∈ {0, . . . ,d}.
Proof. It is easy to check that for every c ∈ {0, . . . ,d} the polynomial f (s, t) = sd−ctc satisﬁes all the
conditions from the previous proposition. 
Proposition 9. If z l+1, we have T = V . In the case that z l, the vector space T /V is generated by the set
U = {pij; i, j ∈ N0, i + j < d},
where pij = η(1−τ )i(1−σ) j .
Proof. If z l+1, we have ηl ∈ V l according to Lemma 6 and Proposition 4. Therefore η ∈ V and that
gives us T = V .
Now suppose that z  l, i.e. d > 0. According to the previous corollary pij ∈ V for all non-negative
integers i, j satisfying i + j = d. Clearly, if pij ∈ V , then puv ∈ V for all u  i, v  j as well. Therefore
T /V is generated by U . 
Lemma 10. The following inequality holds:
q d.
Proof. If z l+1, the statement is obvious. Let us focus on the case that l− z+1 > 0. Proposition 3.1
in [2] states that the sets Pi are pairwise disjoint and
∑l
i=0 |Pi | = z, so there exist at least d = l+1− z
subﬁelds Ki such that Pi = ∅, and therefore kij is non-zero for every j ∈ Pi . Hence q d. 
Lemma 11. Assume that q > 2 and let yi(s) = 1s (1− (1− s)ni+1 ) ∈ Fl[s] for each i ∈ {1, . . . , l−1}. Then yi ≡
ni+1 ≡ 0 (mod s). If a polynomial f (s, t) ∈ Fl[s, t] satisﬁes η f (1−σ ,1−τ ) ∈ V , then for every r ∈ {1, . . . ,d−2}
there exist polynomials hr(s, t) ∈ Fl[s, t], gr(s) ∈ Fl[s] such that
f (s, t) = hr(s, t)
r∏
i=1
(
t − syi(s)
)+ r−1∑
j=0
g j+1(s)sd− j
j∏
i=1
(
t − syi(s)
)
.
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Proposition 7 (we need that q  d due to Lemma 10). In addition, we take b = d − 1 and ai = d for
each i ∈ {2, . . . ,d − 1}. 
Theorem 12. The set U from Proposition 9 is a basis of T /V .
Proof. Analogously to the proof of Theorem 4.1 in [2] using Lemma 11. In our case we have k = q,
b = d − 1 and ai = d for every i ∈ {0, . . . ,d − 1}. 
Corollary 13.
[T : V ] =
{
1 if z l + 1,
l
d(d+1)
2 if z l.
Proof. For z l + 1 we have T = V , therefore [T : V ] = 1. For z l we have
[T : V ] = l|U | = l d(d+1)2 . 
5. Index of the group T in the group of all units
First we compute the index [V : B], which will be needed for the computation of the index [E : T ]:
Lemma 14. Let us denote by v the number of subﬁelds Ki of the ﬁeld K whose conductor is a prime. Then
[V : B] = lzl−2l−2+v .
Proof. According to [1, p. 180] we have [〈αi〉G : 〈ηi〉G ] = lzi−2 for zi  2. For zi = 1 we have ηi = αi ,
so [〈αi〉G : 〈ηi〉G ] = 1 = lzi−1. Similarly as in Lemma 10 we use the fact that the sets Pi are pairwise
disjoint and
∑l
i=0 |Pi | = z. Therefore
[V : B] = lv
l∏
i=0
lzi−2 = lz(l+1)−
∑l
i=0 |Pi |−2(l+1)+v = lzl−2l−2+v . 
Corollary 15.
[E : V ] = l 12 l(l−2z+3)2l2−1hK .
Proof. From Proposition 5.1 in [2] we have [E : B] = l 12 (l−1)l+v−22l2−1hK . Therefore Lemma 14 gives
[E : V ] = [E : B]/[V : B]
= l 12 l(l−2z+3)2l2−1hK . 
Theorem 16. If z l + 1, then
[E : T ] = l 12 l(l−2z+3)2l2−1hK .
For z l we have
[E : T ] = l− 12 (z−1)(z−2)2l2−1hK .
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Corollary 17. The group T is the same as the group C if and only if z = 2 or z = 3.
Proof. From Theorem 5.1 in [2] we know that
[E : C] = l 12 l(l−1)−
∑b
i=0(ai−i)lv−22l2−1hK ,
where ai = l − 1 − |Pi | for f i composite and ai = l − |Pi| for f i prime for each i < q. Here, subﬁelds
of K are numbered in such a way that ai  ai+1 for all i ∈ {0, . . . ,b − 1}, and b is the greatest i < q
satisfying ai − i > 0. If f i is prime, Pi is certainly non-empty, hence ai  l − 1 for all i, and therefore
b∑
i=0
(ai − i) 12 l(l − 1).
We obtain
l
1
2 l(l−1)−
∑b
i=0(ai−i)lv−2  l−2.
Since C ⊆ T , the equality T = C holds if and only if [E : T ] = [E : C]. Clearly, this is satisﬁed if and
only if the powers of l in both indices are equal.
If z l + 1, then
[E : T ] = l 12 l(l−2z+3)2l2−1hK
from Theorem 16 and
1
2
l(l − 2z + 3)−3,
so in this case the group T is strictly larger than C .
If z l, we have
[E : T ] = l− 12 (z−1)(z−2)2l2−1hK .
For z = 2 we have − 12 (z − 1)(z − 2) = 0 and q  d = l − 1. In this case K has two subﬁelds with
a prime conductor and the conductor of all the other subﬁelds Ki is a product of two primes, so
ai = l − 1 for all i < q and b = l − 2. Hence
1
2
l(l − 1) −
b∑
i=0
(ai − i) + v − 2 = 0.
Therefore we obtain T = C .
For z = 3 we have − 12 (z − 1)(z − 2) = −1 and q  d = l − 2. If K has a subﬁeld with a prime
conductor, the conductor of another subﬁeld is divisible by exactly two primes and the conductor of
all the remaining subﬁelds Ki by all three primes. This means that q  l − 1 and ai = l − 1 for each
i  d. So b = l − 2 and
1
2
l(l − 1) −
b∑
i=0
(ai − i) + v − 2 = −1,
which gives T = C .
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conductor is divisible by exactly two primes, and the conductor of all the other subﬁelds Ki is a
product of all three primes. Therefore ai = l−1 for every i  d−1, and ad = l−2 = d. Hence b = l−3
and
1
2
l(l − 1) −
b∑
i=0
(ai − i) + v − 2 = −1,
so we get that T = C as well.
For z 4 we have − 12 (z − 1)(z − 2)−3, hence for any other z the equality does not hold. 
6. Divisibility of the class number of the ﬁeld K
Using genus theory we can get some divisibility properties for class numbers of abelian ﬁelds. For
bicyclic ﬁelds we can easily compute that the class number is divisible by lz−2 (see [3, Theorem 3.5]).
However, from Theorem 16 we directly get the following corollary, which shows that for z  4 the
class number of a bicyclic ﬁeld is divisible by a greater power of l than the one obtained by means of
genus theory:
Corollary 18. If z  l + 1, the class number of K is divisible by l 12 l(2z−l−3) . In the case that z  l the class
number of K is divisible by l(
z−1
2 ) .
Acknowledgment
I would like to thank Radan Kucˇera for guiding me through all my work on this paper.
References
[1] C. Greither, R. Kucˇera, Annihilators for the class group of a cyclic ﬁeld of prime power degree, Acta Arith. 112 (2) (2004)
177–198.
[2] P. Kraemer, Circular units in bicyclic ﬁelds, J. Number Theory 105 (2004) 302–321.
[3] L.C. Washington, Introduction to Cyclotomic Fields, second ed., Grad. Texts in Math., vol. 83, Springer, New York, 1997.
